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Gravitational Lensing of a star by a rotating black hole
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The gravitational lensing of a finite star moving around a rotating Kerr black hole has been
numerically calculated. Calculations for the direct image of the star and for the first and
second light echoes have been performed for the star moving with an orbital period of 3.22
h around the supermassive black hole SgrA* at the Galactic Center. Time dependences for
the observed star position on the celestial sphere, radiation flux from the star, frequency of
detected radiation, major and minor semiaxes of the lensed star image have been calculated
and plotted. The detailed observation of such lensing requires a space interferometer such
as the Russian Millimetron project.
It is expected that the Event Horizon Tele-
scope [1–8] will measure in the next three years
the shape of shadow [9–17] of the supermassive
black SgrA* hole at the center of the Galaxy, il-
luminated by either a hot background gas and
stars [18–22] or an accretion disk [23–29]. A
black hole at the center of giant elliptic galaxy
M87 is another promising candidate for measur-
ing the shape of black hole shadow. [30–37]. The
existence of black holes in the Universe can be
proved for the first time in a direct experiment.
This will simultaneously provide an experimen-
tal strong field test of not only the general rela-
tivity but also many other theories of gravity,
e.g., f(R), C2, Galilean, Horndeski, mimetic,
and multidimensional (see, e.g., [38–50]).
The next qualitatively new stage of investi-
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gations will be a detailed study of the shape of
the shadow of the SgrA* black hole, as well as
the features of motion of objects around it, e.g.,
individual stars and compact gas clouds [51–
61]. These experiments require an interferome-
ter with an angular resolution much higher than
that of the Event Horizon Telescope. One of
such promising interferometer projects with an
angular resolution of about one nanoarcsecond
is the Russian Millimetron space interferometer
project [62]. It is very probable that a compact
star or a gas cloud can be located near the SgrA*
supermassive star. The comparison of the simu-
lation results of gravitational lensing of the star
and/or hot gas clouds near the black hole [63–
70] with the data from a Millimetron-type inter-
ferometer soon will make it possible to reliably
verify (falsify) the known theories of gravity.
We numerically calculated the gravitational
2lensing of a finite-size star that moves on a cir-
cular orbit in the equatorial plane of the Kerr
black hole and is observed by a remote telescope.
Trajectories of individual photons emitted by the
star were calculated in the geometrical optics ap-
proximation. We used the formalism and nota-
tion from the pioneering works on gravitational
lensing in a strong gravitational field [71–74].
We considered a star (or any other emitting com-
pact object) that moves in the equatorial plane
of the black hole, θs = pi/2, in the circular or-
bit with the radius rs = 20GM/c
2, where M
is the mass of the black hole, G is the Newton
constant, and c is the speed of light. The direc-
tion of the orbital motion of the star coincides
with the direction of the rotation of the black
hole. In the case of the supermassive black hole
SgrA* with the mass M = (4.2 ± 0.2) 106M⊙
and the assumed dimensionless spin (Kerr rota-
tion parameter) a = 0.998, the orbital velocity
of the star is v ≃ 0.22c and the orbital period is
T ≃ 3.22 h. An observer (telescope) is located at
a fixed point at the distance r0 ≫ GM/c
2 from
the black hole with the polar angle cos θ0 = 0.1
such that θ0 ≃ 84
◦.24 and the azimuth angle
ϕ0 = 0. The star is spherical, has the radius
d≪ rs, and emits light with a thermal spectrum
isotropically from each point of its surface at the
total luminosity L. The observed energy flux
from such a star in the Newtonian limit would
be F0 = L/4pir
2
0. The radial coordinate in the
Figures is given in units of GM/c2.
The trajectory of a photon (light geodesic) is
FIG. 1. 3D trajectory of a photon of the first light
echo with λ = −6.891, q = 1.741 (curve 1), and
trajectories of photons of the direct image with λ =
−20.95, q = 2.112 (curve 2), and λ = −0.012, q =
2.005 (curve 3).
independent of its energy and, according to the
equations of motion in the Kerr metric [75, 76],
is completely described by two parameters: the
dimensionless azimuthal angular momentum λ
and the dimensionless Carter constant q, which
determines the off-equatorial motion of a probe
particle. Formally, the remote observer at each
time instant sees an infinite number of images of
the star. However, the energy flux from most of
these images is very low. Figure 1 shows two
3D trajectories of photons forming the direct
image of the star. These photons fly from the
star to the observer, do not intersect the equato-
rial plane, and always move away from the black
hole. Figure 1 also shows the 3D trajectory of a
photon contributing to the first light echo. These
photons fly from the star to observer, first ap-
proach the black hole to the minimum distance
(turn point) rmin, and then move away from the
3black hole, once intersecting the equatorial plane
(one-orbit photons according to classification in
[73]). See [77–81] for analytical computations
of null geodesics in Kerr space-time. Figure 2
shows a 3D trajectory of a photon of the sec-
ond light echo. These photons fly from the star
to observer on trajectories twice intersecting the
equatorial plane (two-orbit photons).
FIG. 2. 3D trajectory of a photon of the second light
echo with λ = −1.784, q = 5.206.
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FIG. 3. Parameters of photon trajectories (λ, q)
forming different types of images of the star: (a) for
the direct image, (b) for the first light echo.
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FIG. 4. Parameters of photon trajectories (λ, q)
forming the second light echo.
Figures 3 and 4 show the plots of parameters
(λ, q) for photon trajectories forming the direct
image of the star, as well as the first and second
light echoes.
Figure 5 shows the invisible event horizon of
the black hole, the shadow of the black hole, the
orbit of the direct image of the star, and the
orbits of the first and second light echoes. The
shadow of the black hole is the limiting internal
vicinity of all N -th light echoes, where 1 ≤ N ≤
∞.
When calculating the energy flux detected
from various images of the star, we corrected an
error in the second integral in Eq. (20) in [73].
The correct expression for this integral has the
form
∫
r[r3− q2(r−2)]
[r4+r2+2r−4rλ−r(r−2)λ2−(r−1)2q2]3/2
dr.
Figures 6 and 7 show light curves for the di-
rect image of the star and the first light echo
detected by the remote observer. The time in-
stant t = 0 on all plots corresponds to the up-
4FIG. 5. Invisible event horizon of the black hole
(dashed circle), rotation axis of the black hole (ver-
tical arrow), orbit of the direct image of the star
(longest closed curve), orbits of the first and second
light echoes adjacent to the shadow of the black hole
(filled region), and instantaneous images of the star
on these three orbits (filled ellipses).
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FIG. 6. Light curve of the direct image of the star.
most point on the trajectory of the direct image
in Fig. 5. The radiation flux F (t) is given in
units of the constant Newton radiation flux F0.
The radiation flux from the direct image of the
star exceeds the Newton value, F (t)/F0 > 1,
on the fragment of the circular orbit, where the
star moves toward the observer. This is due to
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FIG. 7. Light curve of the first light echo.
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FIG. 8. Time dependence of the length of the major
semiaxis of the direct image a(t).
an increase in the visible size of the star and to
a strong Doppler effect, which finally results in
the compensation of the gravitational redshift.
Calculations show that the energy flux from the
first light echo is much lower than the energy
flux from the direct image on the most part of
the orbit. The energy flux from the second light
echo (not shown in the figures) is much lower
than the energy flux from the first light echo.
The shape deformation of the lensed images
of the spherical star was calculated including the
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FIG. 9. Time dependence of the length of the minor
semiaxis of the direct image b(t).
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FIG. 10. Time dependence of the relative frequency
of radiation g(t) of the direct image.
first order of deviation of light rays from the
central ray. In this approximation, the instan-
taneous image of the star is elliptic. The major
semiaxis of the ellipse for all images is horizon-
tal in the plane of the sky. Figures 8 and 9 show
the time dependences of the lengths of the major
a(t) and minor b(t) semiaxes of the direct ellip-
tic images of the star. We neglect the intrinasic
tidal deformation of the star, assuming that the
star is quite compact.
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FIG. 11. Time dependence of the relative frequency
of radiation g(t) of the first light echo. Several images
of the first light echo can be observed simultaneously;
as a result, the function g(t) is multivalued.
FIG. 12. Direct image together with the first and
second light echoes through equal time intervals. The
size of the second light echo is magnified in order to
make it visible.
Figure 10 shows the time dependence of the
relative radiation frequency g(t) from the direct
image defined as the ratio of the observed radi-
ation frequency of the star ν0 to the radiation
frequency in the proper reference frame of the
star νs. Figure 11 shows the corresponding plot
of g(t) for the first light echo. The value of g(t)
includes both the gravitational redshift in the
black hole gravitational field and the Doppler ef-
6fect caused by the motion of the star. Figure 12
shows direct images of the star and the first and
second light echoes at equal time intervals. The
time evolution of the discussed lensed images of
the star is presented in the animated form in
[82].
In the pioneering paper [73] on the gravita-
tional lensing in the Kerr metric, the radiation
flux from the lensed star was calculated incor-
rectly because of an error in the integral given
by Eq. (1). This error was corrected in our nu-
merical calculations, and the time dependence
of radiation flux from the direct image of the
star and from the first light echo was recalcu-
lated. The numerical algorithm makes it possi-
ble to calculate radiation fluxes for any type of
light echo. The new result is the calculation of
elliptic deformation of the lensed star image in
the Kerr metric. These results can be used for
interpretation of the future observation data of
Millimetron-type projects.
We are grateful to V. A. Berezin, Yu. N. Ero-
shenko, A. L. Smirnov, and A. F. Zakharov for
stimulating discussions.
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